ABSTRACT A variational principle, applicable to axisymmetric oscillations of uniformly rotating axisymmetric configurations, is established On the assumption that the Lagrangian displacement (describing the oscillation) at any point is normal to the level surface (of constant total potential) through that point, it is shown how the variational expression, for the frequencies of oscillation, can be reduced to simple quadratures. The reduction is explicitly carried out for certain stratifications of special interest.
I. INTRODUCTION
A slow uniform rotation affects the radial modes of adiabatic oscillation of an initial spherical distribution of mass in two essentially different ways (cf. Cowling and Newing 1949 ; see also Chandrasekhar and Lebovitz 1962d) : first, the term in the centrifugal acceleration in the equation governing equilibrium modifies the initial distribution of density and pressure; and second, the term in the Coriolis acceleration, in the linearized equations governing small departures from equilibrium, further modifies the characteristic frequencies. In general both these effects are of order Í2 2 (the square of the angular velocity of rotation) ; and they are found to contribute terms of opposite signs to <7 2 (the square of the characteristic frequency of oscillation). In view particularly of this last circumstance, one cannot be certain whether, in a given situation, rotation will have a stabilizing or a destabilizing effect on the radial oscillations. There is, however, one important exception.
It is known that the condition for the dynamical stability of spherical masses (determined by the stability of the fundamental mode of radial oscillation) is that the ratio of the specific heats 7 exceeds f, in case it is a constant.
1 Now if 7 -^ is 0(0 2 ) and -> 0, then it is an immediate consequence of a formula due to Ledoux (1945) that the effect of rotation on cr 2 can be written down at once, without having to determine its effect on the equilibrium distribution. Now Ledoux's formula for <7 2 , for a slowly rotating configuration, is o-2 = (37 -4)tyi+ §(5 -37)0 2 ,
where SB is the gravitational potential energy and
(where the integration is effected over the domain 9î occupied by the fluid) is the moment of inertia about the center of mass. (Note that in eq.
[1] both SB and I refer to the rotating configuration and therefore include, implicitly, terms of order Í2 2 .)
While Ledoux originally derived his formula from an application of the scalar form of the virial theorem, 2 it was soon shown by Cowling and Newing (1949) that the formula equally follows from a variational expression for a 2 with the same linear substitution for the Lagrangian displacement Ç (in terms of which <7 2 is expressed) that was made by Ledoux. And since in the limit 7 -> f, the correct proper solution for £ is indeed a linear function of the coordinates (cf. Rosseland 1949, p. 20 , remarks following eq. [3.14]), it follows that the formula ^2= (3t _4)1^21+2^2+0(04) t 7 -4 = 0(i22) ] (3) 10 (where S3B 0 and 7 0 now refer to the non-rotating configuration) is an exact one. The critical value of 7 for marginal stability is therefore 7c(Rot.) = I~ g |g55 0 | (4) The result (4) is of importance when effects besides rotation alter the value of 7 C from its "classical value" f. Thus, it is known that the post-Newtonian effects of general relativity have a destabilizing effect on radial pulsations and that (cf. Chandrasekhar 19646) TcCG.R.) =t+i:^+og-2 ),
where K is a certain calculable constant, Rs = 2GM/c 2 is the Schwarzschild radius, and R is the radius for the configuration. Now if the effects of general relativity and of rotation are both present, and are both considered as first-order effects, then under their combined influence we must have 7c(Rot. + G.R.) =1 + # Rs R
This last result is the essential content of some recent papers by Fowler (1966) and Durney and Roxburgh (1967) . While the stabilizing effect of rotation in the limit 7 -> § is an unambiguous result, it is not clear how small 7 -f must be to be of "order Í2 2 " in a given practical situation. For the destabilizing effect of the distortion of the spherical distribution is the more dominating effect for centrally condensed configurations when 7 is not too close to the value f (see Table 1 in § IVc below). And it is pertinent to observe in this connection that the stabilizing contribution f 0 2 in equation (3) represents in turn a somewhat delicate balance between the stabilizing contribution (+8i2 2 /3) derived from the requirement of the conservation of angular momentum and the destabilizing contribution (-20 2 ) derived from the distortion of the configuration (see § IV6 below). It is natural to wonder whether this balance might not be upset when the distortion ceases to be of order Í2
2 . The question can be stated differently. Consider the variation of y c along a sequence of configurations of increasing Í2 2 . We know that 7 c (ß 2 ), along such a sequence, has a negative slope at Í2 2 = 0. What is the behavior of the curve 7 c (ß 2 ) as Í2 2 increases? Does it always remain below 8 7 = f ? The present paper is the first of two devoted to a consideration of these questions.
2 For a somewhat more complete treatment, along the same lines but without any restriction on Í2 2 , based on the tensor form of the virial theorem see Chandrasekhar and Lebovitz (1962a, § VTI) ; and for the relation of this treatment to a variational formulation see Clement (1964, § III) .
3 It is known that for compressible Maclaurin spheroids this is the case (Chandrasekhar and Lebovitz 1962a, Fig. 1) . But these configurations are, of course, atypical since their mass distribution is highly unrealistic.
The plan of this paper is as follows. In § II, we formulate and discuss the variational principle appropriate for axisymmetric oscillations of a uniformly rotating axisymmetric configuration. In § III we introduce a class of trial functions that appears specially convenient for the present problem. The formulae of § III are applied in § IV to some familiar problems ; and it is shown how they lead to results in agreement with those obtained by other methods. In § V we introduce a coordinate system that enables the reduction of the various multiple integrals appearing in the variational expression to simple quadratures; and in § § VI, VII, and VIII we carry out the necessary reductions for some special choices of equilibrium stratification that we intend to consider in our second paper.
H. THE VARIATIONAL PRINCIPLE
In this section we shall show that the characteristic value problem for axisymmetric perturbations of an axisymmetric uniformly rotating configuration can be put in the standard Rayleigh-Ritz form 4 (see also Lynden-Bell and Ostriker 1967) just as in the absence of rotation (cf. Chandrasekhar 1964a).
The equation governing equilibrium is grad p = p grad U ,
where p is the pressure, p is the density, and U = 33 + ia 2 (*i 2 + * 2 2 ).
In equation (8) 93 denotes the gravitational potential and it has been assumed that the rotation is about the ^3-axis. Equation (7) implies that surfaces of constant p, constant p, and constant U all coincide. Accordingly, we may now write p = p(U) and p = p(U) . W
The linear equations governing small perturbations of such an equilibrium configuration are (cf. Clement 1965; Lebovitz 1967) where ? is the Lagrangian displacement and the operator L is defined by L[l\ --grad Aÿ + Ap grad U + p grad AU ,
where A^, Ap, and AZ7 are the Lagrangian changes in the respective variables resulting from the displacement These changes are given by
and AU = 593 + £ • grad U .
In equation (13), 593 represents the Eulerian change* in 93 and is given by S. CHANDRASEKHAR AND N. R. LEBOVITZ Vol. 152
It can be proved in great generality (cf. Clement 1964; also Lynden-Bell and Ostriker 1967) that the operator L is symmetric, i.e., for any smooth functions £ and n,
(is) (It is this symmetry of L that insures the general variational formulation of the underlying characteristic value problem.) We now suppose that the perturbation considered is also axisymmetric. In cylindrical polar coordinates gj, 2( = x 3 ), and the assumption of axisymmetry means that the components &D, and ^ are all independent of <p. Two immediate consequences of this assumption are (1) that does not occur in L[Ç] and (2) that the ^-component of L vanishes. The latter consequence implies, according to equation (10), that
where we have integrated with respect to t, and f(p$,z) is the "constant" of integration.
As one can readily verify, equation (16) expresses the conservation of the s-component of the angular momentum per unit mass. In what follows we shall set f(jz,z) = 0. For the present, we shall justify this assumption by observing that, for a normal mode for which
where a denotes a characteristic frequency, f(®,z) necessarily vanishes as long as <r 0 (for a further justification see below).
Considering next the GJ-component of either side of equation (10), we have or eliminating ^ with the aid of equation (16) (with / = 0), we have
The 2-component of either side of equation (10) gives (19) and (20) contain no reference to it has effectively been eliminated. For this reason it is convenient to redefine Ç to he the two-component vector
and this redefinition underlies the rest of this paper. As a consequence £ no longer defines the complete three-component Lagrangian displacement. To obtain the latter, we must add to £ the vector where is to be determined in terms of & with the aid of equation (16) (with/set equal to zero).
With Ç redefined in the manner (21), we may formally combine equations (19) and (20) into the single equation d 2 Ç p dp sm, The symmetry of this operator ß follows trivially from that of L. With a dependence of Ç on time of the form (17), equation (22) leads to a characteristic value problem associated with the equation
From the symmetry of the operator ß it follows that the formula -4pw}¿* f^p\K\ 2 dx (25) provides a variational basis for the determination of the least characteristic value of a 2 : it is the minimum value that the ratio appearing in equation (25) 
the equilibrium configuration is unstable; for the least characteristic value o 2 is then necessarily negative and leads to an exponentially growing mode.
That the inequality (26) is a sufficient condition for instability has been deduced directly from equation (22) and independently of the theory of characteristic values by Laval, Mercier, and Pellat (1965) . Their result is important, from the mathematical point of view, in our present context for two reasons : first, the theory in terms of which we have argued has not, to the authors' knowledge, been rigorously established in sufficient generality to apply to the problem being considered; and second, since a solution of equation (22) of unstable type leads to a solution of equation (10), also of unstable type, through the simple expedient of choosing an initial value for d^/dt so as to make /vanish in equation (16), we are justified in setting / equal to zero as long as we are interested only in establishing sufficient conditions for instability.
III. THE FORM OE THE VARIATIONAL EXPRESSION FOR (7 2 FOR A SPECIAL CHOICE OF Ç
In using the variational expression for a 2 given in equation (25), we must exercise judgment in the choice of suitable trial functions for they must satisfy the requirements which experience and physical considerations suggest as necessary; at the same time they must make the evaluation of the various integrals as simple as possible. Now the principal obstacle to the requirement of simplicity is the presence of the term in ôSS in the operator L; for 533 must be determined in terms of the chosen either from equation (14) or, equivalently, from a solution of Poisson's equation, 
The integral involving A on the right-hand side of equation (29) and this contribution to a 2 (derived from the term in 533) is formally the same as in the absence of rotation.
The substitution (30) corresponds to the correct solution both when rotation is absent and also when allowance is made for it to 0(ß 2 ) (see § IV6 below) ; it, therefore, appears as a reasonable choice for the general case even though it cannot correspond to the exact solution.
In this paper, we shall further specialize 0 by requiring it to be a function of U only (which automatically insures the constancy of 0 on d$ft) ; and since p is also a function of U (cf. eq. [9]), the assumption is equivalent to
The present assumption (33) implies that, at every point x, £(x) is normal to the level surface through x, while the original assumption (30) required this normality only on the boundary d9î of the configuration. (But as we shall see in § IV¿> even this more specialized choice for £ is in agreement with the exact solution for the case of slow rotation, and a fortiori for zero rotation.) 7 In the absence of rotation il = 0 (cf. Rosseland 1949) .
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It is convenient to define the effective gravity g at any point; it is given by g = I grad U\ .
It follows from this definition that for Ç of the form (33) Ç*grad U = g 2 x > 05) and
where a prime denotes differentiation with respect to the argument U. By making use of the known relation V 2 U== _ 47r6 ! p + 2fí2 ? (37) we can rewrite the relation (36) in the form
We turn now to the reduction of the variational expression for a 2 for the chosen form of the trial function. We have (cf. eqs. With the expression for Ap given in equations (12), the second integral on the righthand side of equation (39) becomes
where we have integrated by parts and used the condition that Ap vanishes on d9î. Similarly, by making use of equations (12), (13), and (32), the third integral on the right-hand side of equation (39) becomes
Now combining equations (39), (40), and (41) and making further use of the relations (34), (35), and (38), we find
In this form, the variational expression, besides the known pressure and density distributions in the unperturbed configuration, involves only the single scalar function x-S. CHANDRASEKHAR AND N. R. LEBOVITZ Vol. 152
There are two alternative forms of equation (42) which we shall find useful. The first of these is obtained with the help of the definition
Apart from a factor -2, C represents the mean curvature of the level surface passing through Jt. With the aid of equation (37) and the definition (43), we find (cf. the integrand of the second integral on the right-hand side of eq.
Inserting this last relation in equation (42), we obtain
The second form of equation (42) 
IV. APPLICATIONS TO PREVIOUSLY CONSIDERED STRATIFICATIONS
In this section we shall apply the formulae of § III to the non-rotating and the slowly rotating cases, and also to spheroidally stratified configurations.
a) The Spherical Case: 0 = 0 In this case the following formulae hold : g = dp dr (51) where R denotes the radius of the configuration. Equation (51) is one of the standard forms in which the variational principle for the radial oscillations of a spherical mass is generally expressed (cf. Chandrasekhar 1964a, eq. [49] ; also Ledoux and Walraven 1958 ).
An alternative form of equation (51), which we obtain by integrating by parts the term in dp/dr in equation (51), is dr/ r * dr_ 4
In view of the minimum character of the underlying variational principle (see remarks following eq.
[25]), the least proper value of a 2 must be less than any value given by equation (52) 
where, in the latter two forms, 7 denotes the pressure weighted average of 7. From the inequality (54) it follows that a sufficient condition for instability is that 7 < #. This result is of course well known: the basic formula, in precisely the form given in equation (54), occurs in one of Ledoux's early papers (1946, eq. [6] ).
8
A slightly sharper result (than the one we have stated) can be deduced from equation (52) 
(where € will be assumed small), we find from equation (52) that
If, for the sake of simplicity, we suppose that 7 = #, we easily see that the right-hand side of equation (56) can be made negative by appropriate choices of and of e, the "appropriateness" depending on the precise nature of the variability of 7. In any event, it follows that when 7 is not a constant and 7 = #, the configuration is already dynamically unstable.
8 It should also be noted that Ledoux made use of the relation (54) (with the equality sign) to estimate the extent of the regions in which 7 may take different constant values (7 < f in some regions and 7 > f in other regions) before instability can set in. S. CHANDRASEKHAR AND N. R. LEBOVITZ Vol. 152
b) The Case When fí 2 Is Small and Effects of Order Í2 2 , Only, Are Taken into Account
In this case, we write
where /x is the cosine of the colatitude and / stands for any of the variables p, p, U, etc. The variables distinguished with the subscript "0" represent some appropriately chosen undistorted configuration (cf. Chandrasekhar 1933, or Chandrasekhar and Lebovitz 1962J, § II) . In the present approximation, in which all terms of order fi 4 and higher are neglected, it will suffice to extend the range of integration, in evaluating an integral, over the volume of the undistorted spherical configuration provided only the integrand vanishes over the boundary (for an explicit proof see, e.g., Clement 1965, Appendix I) . For the integrals that appear in equation (45), the required condition is met if we restrict our consideration to equilibrium configurations for which the density p vanishes on the boundary; and this we shall do in the present subsection.
A conclusion of some interest may be drawn immediately from equation (45) if we suppose that the trial function % may also be decomposed in the same manner (57). In that case the last term of equation (45) makes a contribution to a 2 of the amount
Consistently with neglecting terms of 0(i2 2 ), we must suppose that in the foregoing expression p, U, and x are functions of r only. Accordingly, we may write dU^dU d& dr sin ê and dU = dU dz dr cos$.
On evaluating the expression (58) under these conditions, we obtain the value ffi 2 . This stabilizing contribution, already discussed in § I, is the only contribution of 0(ß 2 ) to or 2 if 7 -J is small enough. It is therefore of interest to note that this stabilizing contribution is made up of two parts. Thus, tracing the effect of the conservation of angular momentum through the equations, we find that its contribution is (cf. eq.
[42]) 4û 2 fo X 2 (àU/dvYdx = |ß2.
/jPx 2 [ (dU/day + (du/dzy]dx and the remaining contribution -2Í2 2 may be traced to the distortion of the equilibrium configuration and the perturbation of the gravitational potential. The particular coefficients § and -2 that we find here are due to the replacement of p, Z7, and x by functions of r only. If the configuration is strongly distorted, and these replacements become invalid, it may be that this stabilizing influence is strongly modified or even destroyed. Reference to this possibility has already been made in § I.
Returning to equation (57), we next observe that/i(r,p) will normally have the further decomposition /i0>) = /loO) + fa{r)Pz{p) ,
corresponding to the fact that, in the present approximation, the effect of the rotation is a P 2 -deformation superposed on a uniform expansion (cf. Milne 1923). We shall adopt the same decomposition (61) for the trial function x> as well.
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We have already remarked that, under the assumption that p vanishes on the boundary, it is legitimate to extend all integrations only over the undistorted sphere. Under these circumstances, the coefficients pi2, ÿi2, X12, etc., do not contribute to any of the integrals. And since we shall prescribe xo (for example, identify it with the proper solution belonging to <7o 2 , the characteristic value in the absence of rotation), only xio is left at our disposal in the selection of a trial function. In fact, it may appear that we do not have a choice even in the selection of xio, since we have also required x to be a function of U only. We shall show that it is nevertheless legitimate to regard xio as at our disposal.
The condition, that x be a function of U only, is dxdU__dxd£ = dr dix d¡x dr
On substituting for x and U in accordance with equations (57) and (61) 
In equations (66) and (67) the dots stand for those terms of order Û 2 that occur with the factor P<¿{ix) ; and for the reasons we have stated, we have not written out these terms.
Turning now to the reduction of equation (45) and considering the first integral on the right-hand side, we find after a straightforward calculation, dtp dq ¿X dr dr r 4 * (69) S. CHANDRASEKHAR AND N. R. LEBOVITZ Vol. 152
In considering the second integral on the right-hand side of equation (45), we observe that 2-11/2
Consequently, by virtue of equations (66) and (67), we have iftfS'Cx'ix = 4 + 2SiVo?
where we have performed an integration by parts. With the foregoing reductions, equation (45) becomes
We can recover Ledoux's formula from equation (72). (Note that the variables p and p still contain terms of order Í2 2 .) Putting po = r 3 we obtain v'fôxH'dx = 9 jT ( 7 -+ wf m p 0 rHx + 20^ ( 3 7 -4)¿ 0 ^
after an integration by parts in the third integral on the right-hand side. Since %io is still at our disposal, we may choose it in such a way that q vanishes. By equation (68) 
provided by the virial theorem in the case of slow rotation. We now return to equation (72) to complete the reduction. Substituting for p and p their expansions according to equations (57) and (61) We notice the remarkable fact that this formula does not contain xio. Consequently to find the coefficient a^2, one needs to know only the distortion of the equilibrium configuration (i.e., p\p and pio) and the proper solution \f/ 0 appropriate to the undistorted configuration. For the special case of polytropes, a formula equivalent to (80) was derived by Clement (1965, eq. [65] ). The present formulation of the variational principle with the trial function selected according to equation (33) is now seen to imply no loss of generality, since it leads to equation (80) which, in view of Clement's work, is exact.
c) The Evaluation of at 2 for Distorted Polytropes
As we have already stated, the form which equation (80) takes for polytropes was derived by Clement. Using his formula, we have evaluated 02 2 for poly tropic indices n = 1.5, 2.0, and 3.0 and for various values of 7. The results are listed in Table 1 . We see that 02 2 becomes negative when 7 is sufficiently different from and also that the value of 7 at which <r2 2 changes sign decreases with increasing n. We have referred to these facts in § I. However, it should be noted that there is some ambiguity in the comparison implied by the listings in Table 1 , namely, that the characteristic frequencies of oscillation of a non-rotating and a rotating polytrope having the same parameters, n, p c (central density), and K (the constant of proportionality in the pressure-density relation), are strictly comparable. It is by no means obvious that this is the case: the two configurations that are "compared" have, for example, different masses and different volumes (cf. Chandrasekhar and Lebovitz 1962d, § IX).
d) The Compressible Maclaurin Spheroid
The pulsation frequency a 2 and the critical value y c of the ratio of specific heats for marginal stability have been worked out exactly for this model (Chandrasekhar and Lebovitz 1962c) . This model therefore provides a useful test case for the application of equation (45) For small values of e, equation (86) Roberts (1963) by a direct numerical integration of the pulsation equation; and his "exact" proper solutions were used in the evaluation of <n 2 .
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Values of <t 2 and 7 C , calculated with the aid of equation (86), are listed in Tables 2 and  3 and are further compared with the exact values given in Chandrasekhar and Lebovitz (1962c , Tables 1 and 2A ). The agreement is satisfactory and encourages the hope that the chosen formulation of the variational principle will give equally satisfactory results in other cases as well. In order to facilitate the evaluation of the integrals appearing in equation (42), and in its alternative forms (45) and (47), we shall introduce a system of coordinates s, $, and <p (say) such that s is constant on the level surfaces, U = constant. Since the trial function x(i7), as well as p(£7) and ^(1/), are then independent of û and ip, the integrations with respect to these variables may be performed, independently of the choice of X, for any given (or assumed) stratification. In this manner the triple integrals, which occur in the variational expression for o-2 , can be reduced to quadratures over s and put into a form analogous to that of equation (51).
The derivation of the basic formulae (eqs.
[98] and [99] below) does not require that the surfaces in question be the level surfaces of a rotating mass; so we shall avoid this terminology. Let the surface @, inclosing the simply connected domain dl(s), be specified by a smooth function S(x,s) as follows:
; dl(s) = {x: S(x,s) < 0} .
For definiteness we shall suppose that
a s where 9Î is defined by equation (88) with s set equal to its maximum value si (say), i.e., 9Î = 9îC?i) .
The condition (89) implies in a natural way that ®(/i) is interior to ©(/2) if k < h-It further implies that there is a unique surface @ passing through a given point x. Finally, we shall also require that there is a minimum value of s, ¿o (say), such that 5(jc,^o) is positive unless x -0] this insures that so corresponds to the origin. Now let the position vector of a point lying on the surface ©(s) be given by
where the surface parameters û and <p have a domain £)(,?) (say) ; as # and range over ©(s), they should provide all points of ©(5) in a one-one fashion. With these definitions, the element of volume in 3Î is where
dXdX dX ds dû dip (93) is the Jacobian of the transformation. If we substitute from equation (91) into the equation S(x,s) = 0 defining @(5), we obtain an identity in s, û, and tp; and differentiating this identity, we find dZ ^ c dS --gradS^ --, ds ds dX dû grad 5 = 0, and dX dtp gf ad 5 = 0.
The last two of these equations imply that there exists a scalar function a(x) such that It is convenient to introduce the coordinates s, û, and through the transformation formulae x\ = s sin $ cos <p, X2 = s sin û sin <p, and # 3 = (1 -e?) ll2 s cos â ; (ios) û is then the "mean anomaly" and <p is the usual azimuthal angle. We now calculate |/| as given by equation (97). Since e'(s) > 0 in all cases of interest (cf. Hurley and Roberts 1964Ô; in the slowly rotating case, this inequality follows from ClairauCs equation) we may define, without ambiguity, <e'>0). «..» With this definition, equation (101) takes the alternative form r) S' -r-= -s(l -ß 2 COS 2 $) .
(105) a s Our earlier requirement (89) that dS/ds < 0 now implies that ß < 1; we shall assume that this is the case. [It can be verified that the difficulty encountered by Hurley and Roberts (1964a) with the crossing of the level surfaces is related to a violation of this inequality.]
A straightforward calculation now gives
and equation (99), for the stratification we are presently considering, becomes
where we have used ix = cos & as the variable of integration. Inspection of equation (47) 
where (116) With the foregoing reductions equation (47) finally takes the form
This equation represents a generalization, to the case when rotation is present, of equation (51) valid in the absence of rotation. The Euler equation based on equation (117) will provide a generalization of Eddington's pulsation equation analogous to Roberts' generalization of the Lane-Emden equation (Roberts 1962, eq. [2.31] The spheroidal stratification considered in § VI is an extrapolation to larger rotations of the stratification that is known to be correct for slow rotation. In contrast, a stratification that will apply to all rotations, with sufficient approximation under most circumstances of practical interest, is that of Roche which one obtains when all the mass (M) is concentrated at the center. The level surfaces in this limit are given by (cf. Jeans 1929, p. 252) URoche = ^y + Wr* sin 2 Û.
While these level surfaces are strictly applicable only in the limit of infinite central condensation, they do provide a very good approximation to the true level surfaces of rotating masses of even moderate central condensations such as a polytrope of index n -Z. For example, the ellipticity e of a polytrope ^ = 3 for slow rotation is given by (cf. 
The discrepancy, for slow rotation, is thus less than 3 per cent even for the outermost boundary. The assumption that even for rapid rotation the Roche surfaces provide a very good approximation to the true level surfaces of rotating masses, with central condensations comparable to the polytrope n -3, has been confirmed by Monaghan and Roxburgh (1965a, b) and by Ostriker and Mark.
11 Indeed Roxburgh, Griffith, and Sweet (1965) have made the approximation provided by the Roche surfaces the first step in a rapidly converging iteration scheme for obtaining the exact solutions under a wide variety of circumstances. It would therefore appear that, for a discussion of the oscillations and the stability of rapidly rotating masses, the reduction of equation (45) for the Roche stratification will provide a good starting point.
It is important to observe that the foregoing remarks on the good agreement of the level surfaces in rotating configurations with the Roche surfaces are not meant to suggest that the march of U in these configurations agrees well with the march of U in the Roche model. They are meant rather to point out that the level surfaces in rotating configurations (of even moderate central condensations) can be geometrically well approximated by the Roche surfaces so that in the same approximation we may consider U as a function of I/Roche, regarding the latter only as a labeling parameter. In other words, the assumption that we propose to make is =/(£We),
where / is some function (to be determined empirically from the integrations such as those of Ostriker and Mark).
Returning to Roche's equation (118), we first observe that the condition, that for equilibrium the effective gravity should be directed inward, requires that the equatorial radius of the outermost level surface does not exceed the critical value where the integrations are over the appropriate range of v. Table 4 gives Fo, Fi, F2, F3, and F4 as functions of 1/v. In applying equation (129), we may substitute for p(v) and p(v) the distributions derived for configurations of at least moderate central condensations: as we have stated, the Roche stratification may be expected to provide a sufficiently good approximation for them.
VIII. GENERAL AXISYMMETRIC CONFIGURATIONS
A general axisymmetric configuration may be specified by giving the distance R(s,ix) from the center to a point on the level surface at colatitude & = cos -1 fx. The associated coordinate transformation (91) has the form xi = R(s,ix)(l -m 2 ) 1/2 c°s <P, %2 = R(s,ix)(l -jx 2 ) 112 sin<p, and x 3 = R(s,ix)ix ; (132) and a straightforward calculation gives (cf. eq.
We may take dS/drI * S(r,s,ix) = r -R(s,tx) ,
as the equation defining the level surfaces ; but to be in agreement with our convention (89) regarding s we must assume dR/ds > 0. With this definition of S equation (131) gives
where, as in the preceding section (see n. 12), we have taken s = -Í7. It also follows from equation (132) Equation (136) should be especially suitable for the numerical evaluation of a 2 for the rotating polytropes of James (1964 James ( , 1967 .
IX. CONCLUDING REMARKS
That slow rotation has a stabilizing effect, in lowering the critical values of y (for marginal stability) below the value is an unambiguous theoretical result. When one seeks the origin of the stabilizing effect in the analytical treatment, one finds that it is directly traceable to the Coriolis term in the equations of motion which leads to the relation ^ = (2iQ/<j)&i (cf. eq. [16] ) between the <p-and the ^-components of the Lagrangian displacement. But this is not the only effect of rotation: its effect on the equilibrium distribution of the pressure and the density, resulting particularly in a general expansion of the configuration, may have a destabilizing, and perhaps even a decisive, influence. The principal reason for adapting the general variational principle so as to be applicable to a wide variety of initial conditions is the hope that it will resolve these basic ambiguities. We shall return to these questions in a second paper which will include the results of the application of the different formulae developed in this paper.
On a somewhat different aspect of the problem, the present paper has been restricted to a consideration of the effects of uniform rotation. The extension of the analysis to allow for non-uniform rotation should be of considerable interest in view of the greater amount of angular momentum that can be stored in the configuration. Such an extension should be particularly simple when 0 is a function of 0 only; for then not only are the considerations of § II almost unaltered (the only difference is that 4Í2 2 in eq.
[19] is replaced by Rayleigh's discriminant d[& A Sl 2 ]/m z d-®) but also the form (33) of the trial function would be applicable since equations (9) continue to hold. We hope to return to a consideration of these extensions in later papers.
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